We present new SO(4)-invariant and non-supersymmetric instanton solutions for the conformally coupled m 2 = −2 and massive m 2 = +4 (pseudo)scalars arising from a consistent truncation of 11-dimensional supergravity over AdS 4 × S 7 /Z k when the internal space is taken as a S 1 Hopf fibration on CP 3 , and we consider backreaction. In fact, the bulk configurations associate with (anti)membranes wrapped around mixed internal (and external) directions, which in turn probe the Wick-rotated or skew-whiffed background, break all supersymmetries as well as parity invariance. From near the boundary behavior of the closed solution for the coupled bulk (pseudo)scalar, we get a marginal triple-trace deformation with mixed boundary condition (valid also for the bulk massless m 2 = 0 (pseudo)scalar, raised when considering the external space backreaction, with Dirichlet boundary condition) and as a result, the corresponding boundary effective potential is unbounded from below and causes an instability because of the Fubini-like instanton. Indeed, presenting dual effective actions, we see that the boundary solutions and counterparts realize in singlet sectors of three-dimensional U(N) and O(N) Chern-Simons-matter field theories. In particular, we use versions of massless and mass-deformed regular and critical boson and fermion models, find instantons and confirm state-operator AdS 4 /CFT 3 correspondence and also Bose-Fermi duality at the level of the solutions. In addition, we discuss on relations of our setups with Vasiliev's Higher-Spin theories, deformations of the Aharony-Bergman-Jafferis-Maldacena model and other related studies. * E-Mail: m.naghdi@ilam.ac.ir in the resultant bulk scalar equations and their high nonlinearity, the scale invariance (SI) is also violated and as a result, the solutions always preserve the SO(4) symmetry of the original isometry group SO(4, 1) of EAdS 4 ; while the ansatz and solutions respect the symmetry group SO(8) → SU(4) × U(1) of S 7 → CP 3 ⋉ S 1 and so, dual boundary operators should be singlets of same group representations (reps); and for this purpose, we swap among the three reps 8 s , 8 c and 8 v of SO(8) and then, the needed singlet scalars and pseudoscalars realize after the branching. Meanwhile, the parity invariance is violated with our bulk setups-see also [8] , because of the probe (anti)membranes and so, we should just keep one part of the quiver gauge group U(N) k × U(N) −k of ABJM.
Introduction
Instantons, as solutions to Euclidean equations of motion (EoMs) with finite actions, have interesting implications in many physical situations, mainly because of their non-perturbative nature and tunneling features, from quantum corrections to classical behaviors of physical systems to early universe cosmological phenomena. In a few recent studies, see for instance [1] , [2] , [3] , [4] , we have tried to find such objects in truncated models of 11-dimensional (11D) and 10D type IIA supergravities (SUGRAs) over AdS 4 × S 7 /Z k when the internal space (seven-sphere) is considered as an U(1) bundle on CP 3 , and their dual counterparts in 3D boundary Chern-Simons (CS) superconformal field theories (CFT 3 ) with matter, especially in the Aharony-Bergman-Jafferis-Maldacena (ABJM) model [5] .
Following [6] and [7] , in this study, we employ a 4-form ansatz of the 11D SUGRA, and after solving the original equations, we arrive at truncated scalar equations in 4D Euclidean Antide Sitter space (EAdS 4 ). A more interesting case is when one of the (pseudo)scalars in the ansatz, associated with (anti)M2-branes wrapped around three internal directions, is Higgslike, provides spontaneous symmetry breaking, and the associated solutions can be instantons or bounces corresponding to tunneling or bubble nucleation. Indeed, after counting for the backreaction, that is considering Einstein's equations and then, setting to zero the external and internal components of the energy-momentum (EM) tensors, noting that the topological objects should not change the background geometry, we finally get the equations, which are just for the massless m 2 = 0 and the well-known tachyonic m 2 = −2 bulk modes, respectively.
In particular, we get a special exact solution for the resultant equation of the latter conformally coupled (CC) (pseudo)scalar, and compute correction to the background 11D SUGRA action because of the solution, and see that it is finite and nonzero, confirming its instanton nature, Then, after taking the bulk solution behavior near the boundary of AdS 4 , we see that with mixed boundary condition (BC), it corresponds to a marginal triple-trace deformation of the dual boundary CFT 3 and that, the corresponding boundary effective potential is unbounded from below and there is an instability associated with the instanton. In addition, we note that the latter marginal deformation may also stand for the massless bulk mode, which arises when we consider the backreaction of the external space, with Dirichlet BC.
In addition, we write some rough solutions for the main scalar equation in the bulk, which is valid in probe approximation ignoring the backreaction, for two proper modes of CC and m 2 = +4 on the skew-whiffed (SW) background. Especially, the solutions of the Nonlinear Partial Differential Equation (NPDE) for the latter (massive) mode will be useful when discussing the boundary duals for the former (CC) mode; More precisely, we see that a double-trace deformation of the boundary dimension-2 operator corresponding to the bulk CC state with Dirichlet BC, in fact corresponds to a single-trace deformation of the resultant dimension-4 operator dual to the massive sate under the Dirichlet BC as well.
On the other hand, because the associated (anti)membranes wrap around the mixed internal and external directions, with respect to (wrt) the ansatz's structure and the equation (A.6) used to compute supersymmetries (SUSYs) by counting the killing spinors, the solutions break all original supersymmetries N = 8 → 0. In addition, because of the mass term the operator ∆ + = 2, the boundary theory should be a free fermion (or RF) theory at IR FP (also dual to type-B HS 4 theory with a bulk pseudoscalar); Then, in subsections 5.2 and 5.3, instanton solutions in the massless and mass-deformed versions of the RB and RF models are given, respectively; In particular, below the subsection 5.2, for the RB (in fact we consider the so-called ϕ 6 ) model, we find a Fubini-like instanton and present interesting physical interpretations. Next, as double-trace deformations with the corresponding operators, take the RB and RF models (at UV) through Renormalization Group (RG) flows to the CB and CF models (at IR), respectively, and that the resulting models are also (duals to bulk arrangements with somehow different BCs from the RB and RF models) needed for dual boundary analyzes, we discuss them briefly and find their instanton solutions in subsections 5.4 and 5.5, respectively; Afterward, in subsection 5.6, we discuss on and confirm the SO correspondence for all the bulk modes and dual boundary solutions we have provided; and in subsection 5.7, we confirm the BF duality between RB and CF models and also between RF and CB models, at least at the level of the solutions; Further, in subsection 5.8, we discuss on closer connections of our setups and solutions to the Vasiliev's HS theories, ABJM Models and more. Finally, in section 6, we summarize and make a few more comments.
2 From 11D Supergravity to 4D Gravity
The Background and General Equation
We employ the 4-form ansatz where S 7 /Z k is considered as an U(1) fiber-bundle (with the fiber coordinateφ in e 7 = (dφ+ω)) on CP 3 , R = 2R AdS = R 7 is the radius of curvature of the bulk AdS, E 4 is the unit-volume form on AdS 4 , J = dω is the Kähler form on CP 3 and f 1 , f 2 , f 3 are scalar functions in bulk coordinates. In addition, note that for the ABJM background [5] , the 4-form field reads:
where N is the number of flux quanta on the internal space. Using the above background and ansatz (2.1) -see also [6] and [7] -we obtain
from the Bianchi identity (dG 4 = 0), and
where the lower/minus sign on the right-hand side (RHS) indicates considering the SW background, and also
from the Euclidean 11D EoM (A.2) for the 4-form, respectively, where 4 is the EAdS 4 Laplacian, and c j = C j /R (j = 1, 2, 3) with C j 's as real constants. The interesting case is when we consider the equation (2.5) in terms of f 2 , which reads 7) and that the upper signs in phrases like ±, behind the terms including C 3 , are for the original WR background and the lower signs are for the SW one, while those behind the terms including C 2 (δ and F terms) come from (2.3), noting that picking out the upper or plus sign causes the true vacuum to be on the RHS of the false one (or be in a positive value of f 2 ). Note also that the so-called φ 4 coupling constant (noting λ = 2 λ 4 ) here is λ 4 = 12 versus λ 4 = 192 in [6] (also in (2.5)) and λ 4 = 3 in [4] . Now note that depending on the values of C 3 and C 2 , we can have a tower of tachyonic (just for the SW version), massless and massive (pseudo)scalars; However, in this study, we concentrate on the modes m 2 R 2 AdS = 0, −2, +4, and in particular the CC (pseudo)scalar mainly because of its appearance when taking the backreaction in the next subsection as well as other interesting properties when discussing its boundary duals.
Taking Backreaction: Massless and CC (pseudo)Scalar Emerge
To discuss backreaction in the current setup, that is under what conditions the solutions do not backreact on the background geometry (namely there are topological objects), we must first compute the EM tensors (A.4) on the RHS of Einstein equations (A.3), and then set them to zero. Doing so, according to the computations done in [7] and using (2.3), for the external AdS 4 space, the eleventh S 1 /Z k and the internal CP 3 components, we gain (noting f 2 ≡ f from now on)
respectively. Then, we try to solve the latter three equations with the main one (2.6), to see under what conditions there is not backreaction on the background geometry. In this way, first note that both (2.8) and (2.9) are separately satisfied with (2.6) giving a trivial constant solution or 4 f = 0, (2.11) which is the equation for the bulk massless mode, corresponding to an exactly marginal boundary operator, with the well-known solution
(2.12)
In addition, from solving (2.10) with (2.6), we obtain
withC 1 = 4, corresponding to the well-known CC (pseudo)scalar m 2 R 2 AdS = −2 1 and relevant boundary operators with the bare scaling dimensions ∆ ∓ = 1, 2 -In subsections 3.1 and ??, we return to solve the latter equation and compute the bulk action on the solution, respectively.
Also, to take the backreaction of the whole internal space, that is solving the equations (2.9), (2.10) and (2.6) together, after some mathematical manipulation, we again get (2.13) withC 1 = 1 and the scaling dimensions ∆ ± = 3/2 ± √ 11/2. As the same way, to take the backreaction of the whole 11D space, that is to solve the equations (2.8), (2.9), (2.10) and (2.6) together, the result after math manipulations is again (2.13) withC 1 = 2/3 and the scaling dimensions
which, as the former, corresponds to a marginally irrelevant boundary operator.
Solutions For the Bulk Scalar Equations
It is possible to find perturbative or approximate solutions for the main bulk equation (2.6) using various solving methods of NPDEs. Nevertheless, here we find a closed solution for the equation (2.13) when taking the backreaction (and compute the background action correction because of the solution); and then, get approximate solutions for another realization of the same mode m 2 R 2 AdS = −2 as well as m 2 R 2 AdS = +4 in the equation (2.6) when ignoring the backreaction, that is in probe approximation. 1 It is notable that such a mode is in the massless sector of N = 8 gauged supergravity in four dimensions, arisen from a consistent truncation of 11D SUGRA over AdS 4 × S 7 [17] , with the "2/3" potential
where the vacuum or cosmological constant is the first term on the RHS and the second is the mass term.
Exact Solution For the Tachyonic Equation (2.13)
With the scaling of
where we use the upper-half Poincaré metric
the equation (2.13), which emerged when taking the backreaction of the internal space, becomes
and a closed solution for it reads 
5)
and so (with R AdS = 1)
which in turn corresponds to a triple-trace deformation on the dual boundary 3D field theory to which we will return particularly in subsections 5.1 and 5.2.
The Instanton (3.4) Correction to Background Action
Here we compute the correction to the original action because of the bulk instanton solution (3.4) . As the background geometry is unchanged, the right parts of the bosonic 11D SUGRA action (A.1) for our purpose, are the second and third terms. On the other hand, from the ansatz (2.1), we get the 11D dual 7-form
and write
With these at hand, using (2.3) and (2.4) and after some math manipulations, we arrive at
where we have discarded the surface term of d (f 2 2 A 0 3 ) in the integrand that, as a total derivative, does not contribute to the equations; and that µ, ν, ... are AdS 4 space indices. It is also important to note that the mode m 2 R 2 AdS = −2, which we are interested in its associated solution (3.4) here, is also realizable in the SW background C 2 = 0, C 3 = 1 of (2.7) 3 and so, we use the same setting for the equation (2.13) stemmed from combining the equations (2.6) and (2.10).
To continue computing (3.9), we use
where vol 4 and vol 7 are the full external and internal volumes, and R/l p = k N 2 5 π 2 1/6 , 4πκ 2 11 = (2π l p ) 9 ⇒ κ 2 11 = 16 3 π 5 R 9 3 k 3
where the first relation from the left is from [5] . Then, we note that the first term on the RHS of (3.9) is for the SW background realized with C 3 = 1, and to compute the remaining part, we use the instanton solution (3.4) (with C 2 = 0) with the 3D spherical coordinates. As a result, after integrating on the external space coordinates, the finite part of the action, in the unit 7D internal volume, becomes S corr. noting that the instanton 4 of the size a 0 now sits at the origin ( u 0 = 0) of a boundary three- 3 It should be noted that for real C 3 > 1 in the SW case, the same (CC) mode could also be realized with C 2 = 0 (as in (??)) in the main equation (2.6); and that the action correction is computed in a similar way. 4 We note that the associated potential from (2.13) is like an upside-down parabola and so, the Fubini-like sphere with radius r at infinity (S 3 ∞ ). Note also that the correction, for finite a 0 and b 0 , is small in the validity limit (N ≫ k 5 ) of the M-theory description of the model.
Solutions For Main Equation with m 2 = −2, +4
Because of the importance of the bulk (pseudo)scalars m 2 = −2, +4 in AdS 4 and dual CFT 3 discussions, we consider two ways of their realizations in (2.6), valid in probe approximation, as well. The primary way to realize m 2 = −2 (m 2 = 4) is with C 3 = 1 and C 2 = 0 in the SW (WR) version of (2.6) that, of course, we have already discussed exact (approximate) solutions of it in [4] and [6] .
As another way to realize the so-called conformally coupled (pseudo)scalar m 2 = −2, we use for instance the parameters C 3 = 13 
To have an approximate solution to the latter equation, besides the one based on the closed solution in [6] , we rewrite the homogeneous part of the equation (3.14) (discarding the nonhomogenous F term, which of course adds just a non-dynamical or constant term to the final solution), making use of the conformal flatness of the Euclidean AdS space and the scaling of (3.1), as 16) and the leading-order (LO) solution
where r = x 2 + y 2 + z 2 with discarding the angular parts of the 3D spherical Laplacian for simplicity, and note that b 0 here is an arbitrary constant. Then, if we use the series expansion of the solution (3.17) about u = 0 as
18)
instanton tunnels from the top of the potential to an arbitrary state.
as the initial data in the recursion of the equation (3.15), we get the approximate solution
up to the second-order of the perturbation. Similarly, another way to realize the massive (pseudo)scalar m 2 = 4 is with
where F = 0 is realized interestingly. Then, to write a solution for the equation 3.20), one may use the so-called Witten's solution [19] , for its linear part in coordinate-space, as
where we have rewritten its behavior near the boundary on the right as well; and then, one can use perturbative methods to arrive at higher-order expansions around the LO solution.
On the other hand, we can use the self-similar reduction method (see, for instance, [20] ), to solve the main NPDE (2.6) through the scale-invariance of the variables
where S is the scaling-parameter, s 1 = −s 4 = 1 and s 2 = s 3 = 0 in this case. Doing so, the resultant NODE (for the SW version with C 3 ≥ 1/3) reads
Then, a solution for its linear part becomes
where P a (Z) and Q a (Z) are for the Legendre functions of the first-and second-kind, respectively. Now, taking the LO solution F 0 in palace of the function in nonlinear terms of (3.23), we get a first-order solution in Legendre functions, again. Alternatively, one may also note that the equation (3.23) without the nonlinear terms is indeed the Riccati equation, and that for special bulk modes, its solutions are in terms of inverse trigonometric functions 6 . Then, if we use the latter solutions, for a special bulk mode, to obtain F 1 (ξ), the suitable terms (cor- 6 For instance, a solution with m 2 = 4 reads 25) responding to the operators replying the bulk modes by the standard AdS/CFT dictionary) of the perturbative solution up to the first-order (noting F = F 0 + F 1 + ...), after substitution ξ = r/u and series expansion around u = 0, read
where the pairs of the real constantsĈ ∆ − andČ ∆ − as well asĈ ∆ + andČ ∆ + are related to each other, separately; and that for later considerations, we write (3.26) also as f (1) 
Besides, it is interesting to notice that the latter solution is valid not only for m 2 = +4 (of the equation (3.20)) with ∆ ∓ = −1, 4 but also for m 2 = −2 (of the equation (3.14)) with ∆ ∓ = 1, 2 except that for the latter case,Č ∆ − = 0. When discussing the boundary dual solutions for the bulk ones in section 5 and particularly subsection 5.6, we see the relevance of the solution (3.26) for deformations with ∆ + = 2, 4 operators.
Dual Symmetries and Correspondence
In this section, we first present required materials of AdS 4 /CFT 3 duality, underlining different quantizations of the bulk (pseudo)scalars on the corresponding boundary theory. Then, we discuss briefly the symmetries of the bulk setups and solutions and their implications for the boundary ones.
Basics of AdS 4 /CFT 3 Dictionary For (pseudo)Scalars
For a (pseudo)scalar in Euclidean AdS 4 with near the boundary (u = 0) behavior
where 2 ∆ ∓ = 3 ∓ ν with √ 9 + 4 m 2 = 2ν in AdS 4 . Such a scalar could be quantized with the standard or Dirichlet (δα = 0), alternate or Neumann (δβ = 0) [19] , [21] , [22] , [23] or Mixed boundary conditions [24] -see also [25] -and that the latter BC could be considered as a multi-trace deformation of the field theory dual to the Neumann BC [26] . Indeed, for the (pseudo)scalars, the standard BC is used for any mass while regularity (∆ + being real) and stability need satisfying the BreitenlohnerFreedman (BF) bound m 2 ≥ m 2 BF = −9/4 [27] ; and at the same time, the alternate BC is always used for −9/4 ≤ m 2 ≤ −5/4 ensuring stability as well [28] . We also remind that α and β have holographic descriptions as source and vacuum expectation value (vev) of the one-point function of the operator ∆ + respectively, and conversely for the operator ∆ − . Besides, with m 2 ≥ −5/4, only the β mode is normalizable and so, dual operator with ∆ + and Dirichlet BC should be used, while for the masses in the range lower than the latter value and upper than the BF bound, both (now normalizable) modes and BCs are allowed.
For the standard and alternate boundary conditions, we use the following Euclidean AdS/CFT dictionary: [29] , [24] , [30] , [31] , [32] . In particular, for the mixed BC, also considered as a multi-trace deformation of the boundary theory dual to the Neumann BC [26] , we can write
where the f index is for the associated quantity after the deformation, the prime on V is for derivative wrt its argument (α), and in particular σ f is the new source for the operator O − with the vev of α. It is also mentionable that exchanging σ ↔ α in the above relations (4.3) is valid for deformations with the Dirichlet BC.
The Main Dual Symmetries
We note that because the (anti)M2-branes associated with (2.1) wrap around the mixed internal directions of CP 3 ⋉S 1 /Z k and the resulting modes come from the internal ingredients of the 11D field A M N P , they are pseudoscalars (of f 2 or f 3 ) breaking all supersymmetries and parity as well; see [8] . Further, the current setup could be considered as anti-membranes probing the original M2-branes or membranes probing the SW background, which is in turn for anti-M2-branes; and then, the resulting theory anyway is for anti-M2-branes, with parity breaking. On the other hand, we note that the ABJM model [5] has even parity and so, to build dual solutions with parity breaking pattern, one way is to keep just one part of the quiver gauge group; and also note that, adding CS terms to the boundary matter (scalar and fermion) O(N) and U(N) models, in general breaks parity.
We also note that the ansatz (2.1) and bulk equations and solutions are SU(4) × U(1)singlet and so the corresponding boundary operators must have the same R-symmetry. 7 To fulfill this, besides the SUSY breaking pattern N = 8 → 0 of the bulk setup, we have already made use of the SO(8) triality that lets swapping the reps 8 s ↔ 8 c , which means exchanging the supercharges with fermions while keeping the scalars unchanged, and 8 s ↔ 8 v , which in turn means exchanging the supercharges with scalars while keeping the fermions unchanged, to go from the left-handed (original) to the right-handed (SW) version of the model and find the needed singlet operators of the boundary fields 8 -It should also be mentioned that the skewwhiffing breaks all SUSYs except for AdS 4 × S 7 [34] . We also note that the fundamental fields of ABJM are neutral wrt diagonal U(1) that couples to
) acts as baryonic symmetry, and since our (pseudo)scalars are neutral, we set A − i = 0. 9 On the other hand, we note that while the Laplacian 4 respects the full SO(4, 1) symmetry of the Euclidean AdS 4 , the mass terms in general break scale-or dilatation-invariance. Although for the CC (pseudo)scalar the latter is not the case, but the solution (3.4) breaks translation-and scale-invariance explicitly and so, as discussed in [6] , the solution is indeed SO(4)-invariant or SO(3, 1)-invariant in Lorentzian signature, where the latter is the isometry of dS 3 as well. The same argument is valid for the main equation (2.6), in addition that it does not respect the Z 2 symmetry because of the terms ∼ f and ∼ f 3 in the action from which the equation emerges and so, both the scale-and parity-invariance are broken. 10 7 Note also that the truncation here is consistent, as the arguments in [33] that states the easiest way to achieve a consistent truncation is to keep just a limited numbers of infinite towers of the states that should be singlet of the internal symmetry group. 8 We remind that the massless spectrum of 11D SUGRA over AdS 4 × S 7 includes the graviton (1), gravitino (8 s ), gauge fields (28) 
and scalars, pseudoscalars and gauge fields decompose as [6] and [7] , where we have in general discussed how to build singlet scalars and pseudoscalars after the swappings. 9 In fact, we may consider deformations like the scalar fluctuations Y → Y + δY , and this is related to adding the probe (anti)M5-branes wrapped around the internal R 3 × S 3 /Z k (or the probe (anti)M2-branes wrapped around the internal directions J ∧ e 7 ), which act as domain-walls interpolating among different vacua [35] , take the gauge group to SU (N + 1) k × SU (N ) −k and in the k → ∞ limit, the gauge fields decouple and just the singlet U (1) part remain. 10 Note also that beside the SI breaking, for SUSY breaking boundary operators, the conformal dimensions are not generally protected against quantum corrections-see [36] also for other related discussions; However, we consider the bare dimensions of the operators here.
Dual Solutions in 3D Chern-Simons-Matter Models
In this section, we propose dual solutions to the bulk ones. To this aim, we first present the standard boundary effective actions for the bulk CC (pseudo)scalar, then write solutions wrt the AdS 4 /CFT 3 correspondence rules with physical interpretations. Next, we deal with other boundary scenarios in 3D O(N) and U(N) CS vector models to realize the boundary duals to the bulk solutions; In this way, we also see confirming the BF duality by resulting solutions through the correspondence.
In fact, our bulk solutions are mainly built on the ABJM background and so, the boundary ones we set up should be for the singlet sector of the U(N) gauge group, where breaking the parity happens as well. However, wrt previous studies on 3D O(N) vector models dual to Vasiliev's HS theories in the bulk (see [12] and [13] as original studies) and recently raised Bose-Fermi duality in similar situations (see [37] and [38] as original studies), we try to find and discuss dual boundary solutions.
Holographic Actions For Bulk CC (pseudo)Scalar
For a free minimally-coupled bulk (pseudo)scalar in the fixed or non-dynamical AdS background, like that in (2.13), one can compute the boundary effective actions corresponding to the three boundary conditions and rules of the section 4; see [32] and [26] . In particular, the regularized and renormalized effective actions corresponding to the Dirichlet and Neumann or mixed boundary conditions, using the Hamiltonian-Jacobi method and in two-derivative approximation, are computed in [26] , for the CC case with ∆ ± = 2, 1, to bẽ
respectively, where R 3 = 6/R 2 0 is the scalar curvature of the three-sphere S 3 (with R 0 → ∞ for the flat R 3 space or S 3 at infinity: S 3 ∞ ). Then, we first note to the solution (3.4) for the case at hand that, with (3.6) and the rules (4.2) and (4.3), indeed corresponds to a triple-trace deformation of the boundary theory with
. Therefore, from the last two terms of (5.2) and from (5.3), we can write the holographic effective potential
5)
whereĥ 0 = 3c 0 ; and it is argued in [26] that for the 4D N = 8 gauged supergravity,c 0 = 0, where the bulk solution describes a sector of the Coulomb branch of the dual boundary theory. 12 13 
Dual Solutions with Regular Boson Model
Corresponding to the Neumann and mixed BCs, if we take the singlet boundary scalar y = ϕ N I N , where ϕ is a scalar function on the boundary and I N is the unit N × N matrix 14 , we can have α = O 1 ∼ tr(yȳ) ∼ ϕ 2 . In particular, it is shown in [32] that forĥ >ĥ 0 , there is a runway solution where the vev of the operator O 1 diverges in finite time (indeed, the rolling down of the scalar from the negative potential and producing a big-crunch at finite time) and the associated CFT 3 needs an UV-completion; In other words, to define a field theory, one must introduce an UV cut-off Λ as the boundary relevant operator behaves badly at UV; and that (for g 6 > g c 6 ; see below) the UV cut-off Λ is not removed and an UV-completion is required to have a cut-off independent theory; and in this case, there is a big-crunch singularity in the bulk. In simpler language, the deformation or negative potential (5.5) is unbounded from below and causes instability. 15 In fact, this setup was originally considered about 3D O(N) vector models; see also [46] and [9] . In this way, we may take g c 6 = 2ĥ 0 and g 6 = 2ĥ, and note that in the classical approach, the sign of g 6 determines the system behavior and for quantum case, being larger or smaller than g c 6 = (4π) 2 [47] ; and that for g 6 < g c 6 , the tri-critical model is scale-invariant in LO, but above the critical value g c 6 , a nonzero mass parameter appears (i.e. m 2 b yȳ ) 16 and so, the SI is broken because of 1/N corrections-For further related discussions, see [49] and [50] , where the SI breaking in 3D U(N) plus CS theory is discussed, and also [51] . On the other hand, in the Large-N limit, non-perturbative effects destabilize the model for g 6 > g c 6 and the whereĥ = 1/ȟ 2 , and α and β are vev of the operators O 1 and O 2 , respectively. 12 See also [42] , where the standard procedures of holographic renormalization, Hamiltonian-Jacobi and in particular fake superpotentials are employed to get the boundary effective action replying to the classically marginal operator ∼ O 3 1 , in large-N limit. 13 Look also at [43] , where for the CC (pseudo)scalar with the so-called φ 4 self-interaction in EAdS 4 space (corresponding to the SW version of (2.5) with C 3 = 1-also in [7] -with λ 4 = 192), employing the stochastic quantization, a similar boundary effective action is derived. In particular, it is interesting that the bulk coupling λ 4 = 192 stands for the boundary one, which is of course the UV fixed-point g * 6 = 192 of the 3D tri-critical (ϕ 6 ) O(N ) vector model [44] .
14 Although for the analyzes here we discard the N factors, the conventions for them could be adopted from [24] . 15 For situations with a mixed boundary condition like ours, it is argued in [45] that the theory is stable provided that the associated potential has a global minimum. 16 Concerning the SI breaking, realized through either including mass terms or quantum corrections to the actions, we note that a massive deformation through a term like m 2 b tr(Y A Y † A ), which is in turn a nonprotected Konishi-like operator in the large-N limit, may be turned on-see [48] for the first example of such a deformation in ABJM model-we discussed the same deformation in [7] that is valid here as well.
boundary configurations decay in a finite time because of an infinite family of instantons on S 3 of the radius R 0 -In other words, there is tunneling from the local minimum at α = 0 to the instability region at α → ∞. It should also be mentioned that for g 6 > g c 6 , only the neutral bounded states under U(1), which in turn belong to neutral irreducible reps of SU(N), are remained [52] . Now, we try to realize the above points in the Regular Boson (RB) model that we write its mass deformed action, plus a CS term, as
noting that g 6 ≡ −λ 6 and λ 6 > 0, and that from (5.2) we may assign m 2 b = R 3 /8; As well as, the CS action reads from 17
More precisely, as the bulk arrangement leading to the marginal triple-trace deformation of (3.6) or (5.3), preserves the full conformal symmetries at the LO, we discard the mass term in (5.6) and so, a solution for the scalar equation, from the resulting so-called tri-critical O(N) model, reads
which is a Fubini-like instanton on R 3 or S 3 ∞ of the size a and location parameters u 0 ; see [53] and [54] . Next, as a basic check of the bulk-boundary correspondence, note from (5.8) and (3.5) that ϕ 2 = α with a = a 0 and b 0 = a (3/λ 6 ) 1/2 -The latter correspondence was interpreted in [55] for the bulk instanton as the square of the boundary one.
Moreover, to confirm the instanton as a finite-action Euclidean solution to the EoM, we compute the action value, based on the solution (5.8), as
where we have used the boundary spherical coordinates with S 3 ∞ , and assume a ≥ 0.
More Interpretations of the Solution
According to the discussions in [56] , the SO(4)-invariant Euclidean solution (5.8) has the bounce nature, and might also be called Fubini bubbles or (true vacuum bubbles) that could nucleate everywhere inside the false vacuum (AdS + ), where the four broken symmetries of SO(4, 1) act for transferring the expanding bubble around in the 4D volume; see [57] . The marginal triple-trace deformation here triggers an instability on S 3 (or dS 3 in Lorentzian signature); these flows could be considered as Coleman-de Luccia [58] instanton backgrounds, which are in turn non-geometrical impurities or smooth bubble-like backgrounds. In addition, one may say that the Kaluza-Klein vacuum decays into nothing, referring to the Witten's bubbles of nothing [59] ; see also [60] where "nothing" (within the bubble of nothing) is thought as the limit of AdS space in which the curvature length shrinks to zero; or shrinking to zero size, moves the effective potential to negative infinity. It is also argued in [61] that these instantons mediate the decay of the classical state (ϕ = 0) through nucleation of bubbles with the size a at t = 0, which thus spread in null trajectories.
There are also interpretations about UV-IR correspondence [56] , where the flows with Λ o ≫ 1 (Λ o ∼ u −1 as the energy-scale set by the operator perturbation) evolve to a near IR FP at the bubble center; In other words, there is a flow between an UV FP (CFT + ) and a IR FP (CFT − ) corresponding to a thin-wall bubble of true vacuum (AdS − ) inside the false vacuum (AdS + ), with the radius ∼ log(Λ o ). Nevertheless, the flows below the threshold Λ o do not reach the IR FP, and for the thick-wall bubble with Λ o ≪ 1, the bubble may just be a small hump around its origin. In all cases, marginal or relevant deformations are turned on around the UV FP. In general, the universe inside the bubble is the Friedmann-Lemaître-Robertson-Walker (FLRW) one with negative curvature; and that the FLRW crunches start at the boundary and propagate inside the bulk [62] and so, the first appearance of the crunch is in the deep UV region of the dual 3D field theory and its properties depends on details of the UV-completion. We also remind that indeed there is an infinite negative energy fall in finite time because of the unbounded potential from below; see also [63] for further findings and interpretations.
Meantime, for discussions on big-crunch singularities in AdS 4 cosmologies, see also [64] and [65] , where the dual is considered as a constant mass-deformation of the ABJM model on dS 3 , and also see [66] for discussions on resolution of crunch singularities in AdS duals to the boundary O(N) vector models. In addition, in agreement with and completion of the discussion above, it is argued in [67] that the bubble decay geometry, as a part of AdS 4 , is a domain-wall with dS 3 geometry and suits to a field theory with a cut-off; and beyond the thin-wall approximation, the CFT 3 is deformed with an irrelevant (or relevant) operator, noting that here we are facing the same types of operators and interpretations.
Dual Solutions with Regular Fermion Model
For the Dirichlet BC with σ = O 2 ∼ tr(ψψ), when we consider the singlet boundary fermion (ψ â a = δ â a N ψ), the boundary effective action (5.1) is indeed for the free or Regular Fermion (RF) model and so, we can write its mass deformed action, plus the CS term of (5.7), as
A solution for the EoM of ψ † coming from the action (5.10) reads (see [68] for a similar ansatz)
where ς = 1 and the Euclidean gamma matrices are γ = (σ 2 , σ 1 , σ 3 ) with σ † i = σ i ; and that the equation is satisfied if m f →α( u) = tr(ψψ) 1/2 ≡Ô 1 and so, the deformation W ≈ m f tr(ψψ) may be considered as a triple-trace one; Note also that χ is a constant dimensionless spinor with χ † χ = 1. As a result, we have
agreed with (3.5) 18 with a 0 =ã and b 0 =b = a 0 . 19 Moreover, the action value for the mass deformed RF model, which is twice the value of the deformation, based on the solution (5.11), reads
using the same integral as in (5.9) , that is again a finite value showing its instanton nature.
Dual Solutions with Critical Boson Model
We note that there is an RG flow from the boundary theory at UV, corresponding to the Neumann BC with O 1 when we consider the singlet boundary scalar, to a boundary theory at IR as a double-trace deformation of the former ( O 2 1 ∼ tr(yȳ) 2 ) with the boundary effective action of (5.2). In fact, the result at IR is the Critical Boson (CB) model that we write its mass deformed action, plus the CS term of (5.7), as
which is an extension of the Wilson-Fisher model [69] . 20 Although in four dimensions, there in an exact solution for the massless so-called ϕ 4 theory-see for instance [53] , [71] , [72] , [73] and [74] -as
15)
18 It should be stressed that the discussions throughout this section, for the duals of the bulk solution (3.4) when taking the backreaction, are valid nearly with perturbative solutions like (3.19 ) (at least in LO) of the equation (3.14) (that is valid in probe approximation) as another way of realization of that state. 19 It is notable that if we use the free theory with m f = 0, then solving the equation iγ i ∂ i ψ = 0 gives the same solution (5.11) and interpretation exceptã = 0. 20 It should be noted that one may also add the term ∼ λ 6 ϕ 6 to the CB Lagrangian of (5.14) that of course becomes irrelevant in IR and so, we discard it; see [70] .
where λ 4 > 0, but in three dimensions, there is not such an exact solution even for massless case and so, one may use the solution (5.15) roughly just for a → 0 or λ 4 → ∞. As a result, one should in general employ perturbative methods to earn estimated or constrained solutions.
As a standard way, we can rewrite the EoM
where ∇ 2 = ∂ i ∂ i is the 3D Laplacian, from the action (5.14) , as [75] 
and a solution for its linear part, which is the free massive theory, reads
which satisfies the condition h c (r → ∞) → 0, as we are looking for solutions with finite actions 21 . Besides, solutions of the type (5.18) have already been studied about constrained instantons in four dimensions [77] ; see also [78] . Still, one may use the solution (5.18) as initial data to get perturbative solutions with the generic structure of ϕ ∼ 1/r, ensuring that it goes to zero at infinity. As a result, with the latter solution, we have 19) which again confirms the SO correspondence with a 0 = 0 in α of (3.5). 22 On the other hand, we note that for the pure SU(2) Yang-Mills theory, an instanton solution (as r → ∞ ⇒ F ij → 0) reads [79] 
where η ij 's are 't Hooft tensors [80] , and F = dA + iA ∧ A plays role as the dimension-2 operator, which in turn confirms the correspondence tr(F ) ∼ O 2 ∼ α 2 ∼ β, of course with a = a 0 = b 0 in (3.5). Another important point is that, there is a duality between the ϕ 4 models with SO(4)-invariant solutions and SU(2) Yang-Mills ones, which applies here as well; see [81] , [82] , [83] , [84] as original references. Indeed, with A i = η ij ∂ j ϕ/ϕ, the SU(2) gauge field equations reduce to the massless scalar equation of ∇ 2 ϕ + λ 4 ϕ 3 = 0 and so, one may 21 We note that, according to [76] , the solutions of the Euclidean scalar equations with the lowest action must be spherically symmetric and so, we consider the arbitrary origin u 0 (or x 0 ) and r = | u − u 0 | (or |x − x 0 |). 22 Note that the same prescription can be used for the massive RB model of (5.6), that is for the tri-critical ϕ 6 model plus the mass term. In fact, the free massive solution (5.18) can be used again as the initial data in perturbative methods; and that we can write a correspondence like (5.19) as O + 3 β ∼ tr(yȳ) 3 ∼ α 3 ∼ 1/r 6 , which may also be referred to as a triple-trace deformation again with a 0 = 0 of (3.5). employ one theory to propose solutions for another theory.
Moreover, for the mass deformed CB model, we may compute the action value based on the estimated solution (5.18) and-see [75] -
More precisely, we can write the finite contribution of the first integral above from left as
withc ∼ = 3 from [85].
Dual Solutions with Critical Fermion Model
There is also the Critical Fermion (CF) model, which could be considered as a double-trace deformation as O 2 2 ∼ tr(ψψ) 2 , noting that there is an RG flow from the CF model at UV to the RF model (5.10) at IR; We can write its mass deformed action, plus the CS term of (5.7), as
which is indeed an extension of the Gross-Neveu (GN) model [86] . 23 A solution to the EoM (ofψ) coming from the massless action of (5.23) has the same structure as (5.11) with
It is also fair to say that the solution
is for the mass deformed action of (5.23) and also for its massless version including the coupling g 6
3 tr(ψψ) 3 , withB = m f −g 4 andB = −g 4 g 6 , respectively. Moreover, the action value for the massless CF model, based on the solution (5.24), reads
assumingã ≥ 0, and that its finite value again confirms that the solution is indeed instanton.
On State-Operator Correspondence
To review the SO correspondence with the regular and critical boson and fermion models and near the boundary behavior of the bulk solution (3.5), we first note to the RB model with the solution ( ∼ β) . Fourth, we have the CF model, corresponding to a double-trace deformation of the RF model, with the solution (5.24); The CF model is at UV with a dimension-1 operator, which we may consider as Ô 1 ∼ tr(ψψ) ∼ α, and there is a flow to RF model at IR having a dimension-2 operator, which may in turn be considered as Ô 2 ∼ tr(ψψ) 2 ∼ α 2 , though withã = a 0 and b 0 = (3/(−g 4 ))ã of (3.5).
On the other hand, we remind that the marginal deformations, mainly because of (2.11) with the solutions (2.12) and (2.15), could be arisen from considering the backreaction on the 4D external and the whole 11D spaces, respectively. At the same time, one may just consider the main equation (2.6) in probe approximation, with the massless m 2 = 0 mode realized in its SW version for instance with C 3 = 1 and C 2 = 1/12 and so, the LO solution (2.12), valid also for the linear part of (2.6), can be used to make perturbative solutions. Either way, the dual boundary theory could be the RB model of (5.6), where the marginal triple-trace deformation could be considered as a single-trace deformation for the Dirichlet BC with the operator O 3 ∼ tr(yȳ) 3 and then, the next to the boundary behavior of the main solution (2.12) agrees to the vev of the dimension-3 operator with a solution like (5.8) for the boundary scalar, which behaves as ∼ 1/(r 2 ) 3 ; Or one may consider the instanton at the conformal point u = a that give the perfect correspondence in the case.
We also note to the massless CF model, where we could define the operatorÔ 4 ∼ tr(ψψ) 2 that might be considered as a single-trace deformation dual to the bulk massive (pseudo)scalar m 2 = +4 under the Dirichlet BC; and so, with the boundary and the bulk solutions (5.24) and (3.26) for ∆ + = 4 respectively, we have the correspondence
withĈ 4 = (3ã/(−g 4 )) 2 ,Č 4 = 0 and the three-sphere at infinity: S 3 ∞ . As the same way, we note that for the RF model with the solution (5.11) with ς = 1, a double-trace deformation of the dimension-2 operator O − trace dimension-4 operator for the Dirichlet BC, and matches with the next to the boundary behavior of the leading bulk solution (3.21) as
(5.28) withã = 0 andb 4 = 8/π 2 ; Or the instanton at the conformal point u =ã to match with the original solution (3.21) exactly. In addition, we note that if we take the solution (5.11) with ς = 2, then Ô 2 α ∼ tr(ψψ) ∼β ∼ 1 (r 2 )
, (5.29) whereβ is read from (3.26) for ∆ + = 2, withã = 0 andb 2 =Ĉ 2 ; and also notice that a double-trace deformation of the latterÔ − 2 has the same structure as in (5.27) except that for the current case,ã = 0 andb 4 =Ĉ 4 must then be set; and thatČ ∆ + = 0 for both cases.
On Bose-Fermi Duality
The BF duality or 3D Bosonization in CS matter theories was originally studied in [37] and [38] ; see also [87] , [16] and [15] for recent studies. Here we look for a test of this duality at the level of the solutions and correspondences. To this end, from the solution (5.24) of the CF model, on the one hand, we read
, (5.30) and from the solution (5.8) of the RB model, on the other hand, we read
, (5.31) which are in agreement havingã = a and −g 4 = −g 4 = λ 4 and so, confirming the BF duality ϕ ↔ψ of the RB and CF models.
As the same way, we can make similar statements for the RF and CB models. Indeed, if we take the solution (∼c/r) from (5.18 ) for the CB model and the massless solution of (5.11) for the RF model (see the footnote 19), we can write tr(yȳ) 2 ∼ tr(ψψ) ∼b 2 /r 4 , withã = 0 andb =c 2 and so, the duality is somehow realized with ψ ↔ ϕ 2 . Even more interestingly, we have a little different solution of (5.11) with ς = 2, whose massless version fulfills the exact BF duality ϕ ↔ ψ as tr(yȳ) ∼ tr(ψψ) ∼b again withã = 0 butb =c. Further, if we take the solution (5.20) with the gauge field A ∼ ∂ϕ/ϕ ∼ ln(ϕ) or a scalar solution like (5.15 ) for the CB model on the one hand, and the solution (5.11) for the RF model on the other hand, we can write
with a =ã =b, which confirm the (gauge) Boson-Fermion duality ψ ∼ A as well.
6 Links to Vasiliev HS -ABJM Models and More
Taking the boundary 3D O(N) vector models as duals to the Vasiliev's HS theories [10] in AdS 4 (HS 4 ), was studied in [12] and [13] , originally. Indeed, in the simplest bosonic version of the HS 4 model, the spectrum of fluctuations around the vacuum includes the CC (pseudo)scalar as well as a tower of massless fields of all spins s = 1, 2, ..., ∞, although there is also a truncation including just even spins; and that, all HS 4 models include a spin-2 field (graviton). In particular, for the bulk scalar (even parity) matching to the type-A HS [86] ). In other words, the regular BC ∆ + = 2 corresponds to the strongly coupled IR FP of the O(N) vector model, and is related to the UV FP with a Legendre transform of the type in (4.2) . It is also notable that the IR ↔ UV pattern is always realized through the conformal inversion x µ → x µ /x 2 ; and that the u direction is for the RG flow, noting that the boundary is at u = 0 (UV) and the horizon is at u → ∞ (IR); see also [88] , [89] , [90] and [91] .
More generally, the parity-invariant type-A and B HS theories are dual to the singlet sectors of the O(N) and U(N) boson and fermion vector models; and introducing the CS terms, with breaking the parity (indeed, according to [14] , turning on the bulk parity breaking phase of θ 0 corresponds to turning on the CS coupling), was performed in [92] and [93] , respectively. In other words, we can say that the type-A theory with the Neumann BC is dual to a free (single) boson (U(N) or O(N)) vector model, and the type-B theory with the Dirichlet BC is dual to a free (single) fermion vector model plus a CS term at the level of k (as (5.7)) for both. 25 It is also notable that, the bosonic models of these types were studied in [92] with the operatorsŌ 1 = ϕ † ϕ andŌ 2 =ψψ + 4π k (ϕ † ϕ) 2 and the vertices like (ϕ † ϕ) 3 and (ψψ)(ϕ † ϕ). In addition, there are dual discussions on the marginal or triple-trace [14] ; see also [94] . It is also interesting to look at likenesses of the setups here with the exact SO(3, 1)-invariant solution of the HS 4 models in [95] -see also [96] and references therein-where the minimal bosonic models are obtained from consistent truncations of HS gauge theories based on the symmetry shs(8|4) ⊃ osp(8|4) ⊃ so(3, 2) × so (8) . The resultant models include 35 + (we call 35 v ) scalars and 35 − (we call 35 c ) pseudoscalars in the supergravity multiplet (at the level of ℓ = 0), and 1 + scalar and 1 − pseudoscalar in the Konishi multiplet (at the level of ℓ = 1); and the solutions in type-A and type-B make use of the Konishi scalar and pseudoscalar, respectively -Indeed, O + 1 ∼ tr(yȳ) and O − 2 ∼ tr(ψψ) could be those non-BPS Konishi operators, which also break SUSYs; see also [91] . It is also noticeable that there is a truncation of the N = 8 HS theory to N = 6 HS theory in AdS 4 [97] including 32 spin-0 particles; that is, in its supergravity multiplet (at the level of ℓ = 0), there are 15 and15 and also 1 + and 1 − (at the level of ℓ = 1) of irreducible reps of SO(6), for scalars and pseudoscalars respectively. Meanwhile, it is good to look at [98] , where an analogues solution in a 3D HS theory (the so-called " Prokushkin-Vasiliev theory"), with a holographic dual, similar to the solution here, is discussed as well.
In addition, relevant to the discussion here is [99] where, making use of the unfolding dynamic method, it is shown that the nonlinear HS theories in AdS 4 are dual to nonlinear 3D gauge theories. As well as, see [38] , where employing the slightly broken HS symmetry in AdS 4 , the well-known 3D free and critical CS fermion and boson O(N) models, even beyond the large-N limit, are recovered; Indeed, the latter reference, besides [37] , is one of the original work proposing the BF duality, in which "quasi-fermion" and "quasi-bosons" are referred to scalars with dimensions two and one, respectively. It is also good here to have a look at [14] , where a triality among type IIA string theory over AdS 4 × CP 3 , the Vasilievs HS theory and U(N) k × U(M) −k ABJ theory [100] is surveyed in details.
We also note that the boundary models we use, could be realized as deformations of the ABJM model. In fact, the RB and CB (RF and CF) models could be realized with keeping just a singlet scalar (fermion) and U(1) part of the quiver gauge group; and that, the singlet scalar (fermion) is realized under the skew-whiffing of 8 s ↔ 8 v while 8 c fixed (8 s ↔ 8 c while 8 v fixed). In addition, the RB and CB (RF and CF) 3D boundary models, realized with the Neumann or mixed (Dirichlet) boundary conditions, correspond to the type-A (type-B) HS 4 bulk models. More precisely, the massless or massive RB model (5.6) , with a triple-trace deformation of the singlet operator O + 1 , could be realized in the ABJM original scalar action (in [1] , [2] ) or its massive deformation, respectively; and, the massless or massive CB model (5.14) , could be realized as a relevant deformation with the singlet operator O 2 = (O + 1 ) 2 , where with just keeping one boundary scalar, one should set the fermions and gauge fields to zero except the U(1) part, for the latter two cases. As the same way, the massless or massive RF model (5.10), could be realized as a relevant deformation with the singlet operator O − 2 in the ABJM original fermion action or a massive deformation of it, respectively; and, the massless or massive CF model (5.23), could be realized as an irrelevant deformation with the singlet operator O 4 = (O − 2 ) 2 , where with just keeping one boundary fermion, one should set the scalars and gauge fields to zero except the U(1) part, for the latter two cases as well.
It is also good to mention that besides the operators composed of the fields of one type we have considered, one may also consider, depending on the cases at hand, correlated combinations of the bosons and fermions. For instance, operators like [101] 
next to another (protected) chiral primary operator of 1, −1, −1) , are considered to study various (mass) deformations including Janus solutions [102] and SUSY Q-latices solutions [103] of the ABJM model; see also [104] and [105] for newer studies by the same authors, respectively. It is also notable that the fermion-bilinear deformation operators likeÕ 2 ≈ M B A tr ψ A † ψ B , which are normally dual to the bulk pseudoscalars, and the scalar-bilinear deformation operators likē O 1 , which are normally dual to the bulk scalars, are also used to study boomerang RG flow of the ABJM model in [106] .
Concluding Remarks
From a consistent truncation of 11D SUGRA over AdS 4 × CP 3 ⋉ S 1 /Z k , including backreaction, we got equations for Higgs-like (pseudo)scalars of m 2 = 0, −2, +4. In particular, for the conformally coupled mode, we got a non-supersymmetric closed solution, and computed its contribution to the background action, which was in turn a nonzero finite value, confirming the instanton nature of the solution. After taking near the boundary behavior of the CC solution, we saw that with the mixed BC, it corresponded to a marginal triple-trace deformation of the dual boundary 3D field theory, and caused instability in that the associated effective potential was unbounded from below and indeed went to the infinite negative. On the other hand, we pointed out that the original scale-and parity-invariances were violated, and also all original SUSYs of the background SUGRA were broken because of the dynamics of the probe (anti)membranes. As a result, there were in general non-SUSY SO(4)-invariant instanton solutions, which could of course be realized in 3D U(N) and O(N) CS-matter theories; and to that end, we used the singlet sectors of the massless and mass deformed boundary models with keeping just an U(1) (or SO(2)) part of the gauge group and one scalar or fermion depending on the particular model we considered.
More precisely, we saw that the boundary effective actions for the bulk mode with Dirichlet and Neumann BCs, were free or regular fermion and boson models, which with double-trace deformations of the corresponding ∆ ± = 2, 1 operators went to critical fermion and boson models, respectively. After that, we wrote exact instanton solutions and computed the action corrections, from the EoMs derived from the corresponding actions of the models. In addition, we confirmed the state-operator AdS 4 /CFT 3 correspondence for all the solutions and operators we had in our setups; Especially, we saw that a dimention-4 operator, which came from a double-trace deformation originated from the Neumann BC for the bulk CC (pseudo)scalar, corresponded to the massive bulk mode under the Dirichlet BC as well. Then, we confirmed the Bose-Fermi duality between RB and CF and also between RF and CB models at the level of the solutions. Next, we discussed briefly the similarities and relations of our solutions and setups to the Vasiliev HS and ABJM models as well as a few more related studies.
Then, as a complementary study, it will be interesting to find or build dual boundary effective actions corresponding to the main bulk scalar equation (2.6), for various (pseudo)scalar modes, by standard holographic renormalization methods as, for instance, in [107] and [108] and also [42] .
As another point, although we remind that our solution here is a well-known example of a non-SUSY unstable AdS vacuum, agreed with the conjectures in [109] and [110] , it is good to explore more the stability of various possible configurations and solutions here as well. An original study on the stability analyzes, in these setups, is [45] where it is argued that a theory like ours is stable provided that the associated potential has a global minimum (namely there should be a bounded energy from below, which of course was not the case with our triple-trace deformation (5.3) and so, we had instability) and admits a special superpotential; for other related studies, see [111] and [112] . There is also a similar discussion in [113] , where it is argued that for the AdS 4 stability, the effective potential or deformation must be V ef f. ≥ 0; There, it is also argued that for a mode like ours, in the interval −9/4 ≤ m 2 ≤ −5/4 , the deformed theory flows between two fixed points of the RG with a resonance at the scale settling the transition between two CFT's; and that the latter resonance does not backreact on the geometry and is characteristic of the geometries interpolating between two AdS 4 spaces, in agreement with our discussions.
Finally, it will be interesting to work more on instanton solutions for the new 3D CS-matter models and BF dualities (for instance, those in [15] and [16] ) as well as HS theories and their duals (see, for instance, [95] and [114] for related studies).
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